We study the dynamics of a delayed predator-prey model with double Allee effect. For the temporal model, we showed that there exists a threshold of time delay in predator-prey interactions; when time delay is below the threshold value, the positive equilibrium E * is stable. However, when time delay is above the threshold value, the positive equilibrium E * is unstable and period solution will emerge. For the spatiotemporal model, through numerical simulations, we show that the model dynamics exhibit rich parameter space Turing structures. The obtained results show that this system has rich dynamics; these patterns show that it is useful for a delayed predator-prey model with double Allee effect to reveal the spatial dynamics in the real model.
Introduction
The Allee effect, named after the ecologist Warder Clyde Allee, is a phenomenon in biology characterized by a correlation between population size or density and the mean individual fitness of a population or species [1] . Allee effect can occur whenever fitness of an individual in a small or sparse population decreases as the population size or density also declines [2, 3] . Allee effect contains two main types: strong Allee effect and weak Allee effect. A population exhibiting a weak Allee effect will possess a reduced per capita growth rate (directly related to individual fitness of the population) at lower population density or size. However, even at this low population size or density, the population will always exhibit a positive per capita growth rate. Meanwhile, a population exhibiting a strong Allee effect will have a critical population size or density under which the population growth rate becomes negative. Therefore, when the population density or size hits a number below this threshold, the population will be doomed.
There have been a large group of papers on predatorprey systems with Allee effect [4] [5] [6] [7] [8] [9] [10] [11] [12] . The most usual simple mathematical example of an Allee effect is given by the equation
where denotes the population density, is the intrinsic rate of increase, is the carrying capacity, and is threshold of the Allee effect. The population has a negative growth rate for < and a positive growth rate for > . If > 0, (1) is a strong Allee effect; if ≤ 0, (1) is a weak Allee effect. However, two mechanisms of Allee effects acting in the same population interact to produce an overall demographic Allee effect in a prey-predator interaction model which can also be common and can be complex [13] and their combined influence is termed as double.
There are also some works done on predator-prey systems with double Allee effect [14] [15] [16] . González-Olivares et al. found that the Gause-type predator-prey model with Allee effect can induce two limit cycles when the Allee effect is either strong or weak [14] . Huincahue-Arcos and González-Olivares found that the Rosenzweig-MacArthur predation 2 Discrete Dynamics in Nature and Society model with double Allee effects may be expressed by different mathematical formalizations; with the form used here, the existence of one limit cycle surrounding a positive equilibrium point is proved [15] . Pal and Saha found that the ratio dependent prey-predator system with a double Allee effect exhibits the bistability and there exists separatrix curve(s) in the phase plane implying that dynamics of the system are very sensitive to the variation of the initial conditions [16] . However, these previous works did not take into account the effect of space.
Time delay plays an important role in many biological dynamical systems, where time delays have been recognized to contribute critically to the outcome for prey densities under predation being stable or unstable [17] . Time delay due to gestation is included in some predator-prey models, because generally a duration of time units elapses between the time when an individual prey is killed and the moment when a corresponding increase in the predator population is realized [18] . Furthermore, time delays can be used to introduce oscillations [19, 20] .
In the present study, our objective is to investigate a predator-prey model with double Allee effect and time delay. More specifically, the primary objective of the present study is to investigate the spatial patterns.
Analysis of Temporal Model
In this section, we consider a predator-prey model where the prey population growth is affected by double Allee effects with time delay. The following predator-prey model with double Allee effect has been proposed and studied [16] :
where and stand for prey and predator density, is the intrinsic rate of increase, is the carrying capacity, is threshold of the Allee effect, stands for capturing rate of the predator, stands for half capturing saturation constant, 1 stands for conversion rate of prey into predators biomass, and stands for natural death rate of predator. Following [16] , through a nondimensional transformation,
we arrive at the following equations: 
In the section, our objective is to investigate the predatorprey model with double Allee effect and time delay. The model is given by
where > 0 is a constant delay due to gestation. We analyze model (6) under the initial conditions
Next, we will discuss the dynamics of model (6) . We determined that model (6) and model (4) have two boundary equilibria named 0 = (1, 0) and 1 = ( , 0) and a unique positive equilibrium named
We aim to look for the conditions so that ( * , V * ) is stable for the temporal model and is unstable for the spatiotemporal model. We always assume that ( * , V * ) is linearly stable with respect to the perturbation of and V; thus, the eigenvalues of the Jacobian 
at ( * , V * ) must have negative real parts, which is equivalent to tr ( ) = 11 + 22 < 0, det ( ) = 11 22 − 12 21 > 0.
Next, we consider small spatiotemporal perturbations ℎ and on a homogeneous steady state * ( * , V * ). Let ℎ = − * and = V − V * ; then, we derive that
Spatiotemporal perturbations ℎ and are given by
By substitution of this form in (11), we get the following matrix equation about eigenvalues:
Linear system (11) is characterized by the equation
If = is a root of (14), then we have − 2 + 11 22 = 12 21 cos (2 ) , 
From (15), we can obtain
Now, we investigate the sign of ( Re( )/ )| = . Let = + be a solution of (14) 
By derivation of in both sides of (19) , notice that = + = ; we can get 
Thus, we can get
Binding (15) and (16), we obtain
which implies that ( Re( )/ )| = > 0. Furthermore, we get the following conclusions: If the delay is satisfied ̸ = 0, then system (6) exhibits a Hopf bifurcation critical = . When < , the positive equilibrium * is stable, but when > , the positive equilibrium * is unstable and period solution will emerge.
We take the following values: = 0.6, = 0.8, = −0.3, = 0.58, and = 2.2. Through calculations, we obtain the critical value = 0.7397; then * = (0.36, 0.1365517241). The initial value is (0.3, 0.1).
We adopt = 0.2 < . From Figure 1 , we can see that the positive equilibrium * is stable. We adopt = 0.81 > . From Figure 2 , we can see that the positive equilibrium * is unstable. 
Analysis of Spatiotemporal Model
In the section, our objective is to consider the spatiotemporal system with double Allee effect and time delay:
Similar to the analysis of (6), we consider small spatiotemporal perturbations ℎ = − * and = V − V * on a homogeneous steady state * ( * , V * ). The linearized system takes the form By substitution of form (12) in (25), we get the following matrix equation about eigenvalues:
The characteristic equation for the linear system (25) is given by
Spatial patterns form if (27) has root = , which are called delay-driven spatial patterns. Moreover, the critical value of the delay is called the Turing bifurcation. If is a root of (27), then we have
which leads to
where
Then, (29) has the solution
From (28) . 
To see well the effect of cross diffusion and time delay, we plot the dispersion relation keeping the parameter values fixed in Figure 3 . It can be seen from Figure 3 that Turing modes Re( ) > 0 can be available.
Pattern Structures
In the following, we will perform a series of numerical simulations on the two-dimensional model (24) using zero boundary conditions and × discrete lattice. For model (24), space and time were approximated using the finite difference method and Euler's method, taking the time step as Δ = 0.01, the space step as Δℎ = 1, and = = 200. The results indicated that Δℎ and Δ are reduced and do not lead to considerable changes in the results.
In Figure 4 , we set = 0.6, = 0.8, = −0.3, = 0.58, = 2.2, 1 = 0.08, 2 = 1, and = 0.2. In this case, the infected populations exhibit stationary labyrinthine patterns.
In Figure 5 , we set = 0.6, = 0.8, = −0.3, = 0.58, = 2.2, 1 = 0.08, 2 = 1, and = 0.02. We can see that short stripe-like pattern and spotted patterns emerge coexist.
In Figure 6 , we set = 0.6, = 1.5, = −0.3, = 1.1, = 2.2, 1 = 0.05, 2 = 1, and = 0.02. As time passes, regular spotted patterns appear in space, and the dynamics of the system do not undergo any further changes.
Discussions
In this paper, the dynamics of a delayed predator-prey model with double Allee effect were considered. First, we discuss the temporal model (6); we showed that there exists a Hopf bifurcation threshold of time delay; when < , the positive equilibrium * of system (6) is stable. However, when > , the positive equilibrium * of system (6) is unstable and period solution will emerge. Second, we discuss the spatiotemporal model (24); the spatial patterns via numerical simulations are illustrated, which show that the model dynamics exhibit rich parameter space Turing structures.
Although more work is needed, in principle, it seems that delay and diffusion are able to generate many different kinds of spatiotemporal patterns. For such reasons, we can predict that delay and diffusion can be considered as an important mechanism for the appearance of complex spatiotemporal dynamics in other models, such as predator-prey model and mutualistic model.
